Abstract. This paper builds up a lattice-theoretical construction for all of matroids under isomorphism with the help of Galois isomorphisms among contexts. It discusses the lattice operations defined on this lattice construction with the direct sum between matroids.
Introduction and preliminaries
Matroid theory was introduced in 1935 by Whitney [1] . From then on, it has been reorganized to naturally use in many fields ( [2] ). The notion of a Galois connection is derived from a context and has its roots in Galois theory ( [3] , [4] ). In Formal Concept Analysis, this notion is much more to be used ( [5] , [6] ). In data mining, the notion is also discussed ( [7] ). Concept lattice theory was born in 1982 and is the core of FCA ( [5] ). It has a large amount algorithms to build up concept lattices ( [5] , [6] , [8] [9] [10] ).
With the help of Galois isomorphisms among contexts, this article draws up thoroughly the lattice construction of all the matroids under isomorphism. Further, between matroids, it compares the lattice operations provided here with the direct sum operator. We know that the former results only discuss some special classes of matroids to draw up their lattice structures. So it is difficult to compare the method here with others, which as far as we know always handle special problems. We regard the method here as valuable in its universality. The application of the lattice construction provided here will be carried out in future work.
In order to highlight our main conclusions, this article omits to write out the reviewing basic contents. The knowledge about Galois connections are referred to [3] ; contexts (or say, concept lattices) are ( [5] , [6] ); matroid theory is seen [11] ; lattice theory is cf. [6] , [11] , [12] .
We make a standing assumption that all the discussions under consideration are finite.
Let X be a set. P(X) is the collection of all subsets of X. Two matroids M 1 and M 2 are isomorphic, in notation,
Let (O, P, R) be a context with (K, L) as its corresponding Galois connection. Gal(O, P, R) is all the concepts of (O, P, R); the concept lattice of (O, P, R) is still denoted by Gal(O, P, R); the lattice (
For dealing with our aim, we firstly present definitions.
(2) Let (O j , P j , R j ) be a context and the corresponding Galois connection be (K j , L j ), (j = 1, 2). If there is a bijection π : O 1 → O 2 satisfying the following condition:
, and also say that π is a Galois isomorphic map between (
, and in notation
Let (O j , P j , R j ) be a context with (K j , L j ) as its generated Galois connection (j = 1, 2). We could prove the following (α1) and (α2):
is a Galois context and M j is the corresponding matroid (j = 1, 2), then
Because (α1) and (α2) are not very difficult to be proved, we omit the proof here. Actually, we in [13] could find the proofs for (α1) and (α2) and their some applications. Certainly, this paper will not be affected by [13] . It is self-contained.
We simply analyze the significance of Definition 1.
(1) Combining [3, Proposition 3] with [11, p.8, Theorem 4], it is not difficult to know that a Galois connection (K, L) will not necessarily generate a matroid, and besides, for a matroid M on O with σ as its closure operator, there is at least a Galois connection (K, L) satisfying σ = LK. Namely, Definition 1 (1) 
Namely it is a necessary supposition in Definition 1 (2) that π is a bijection between O 1 and O 2 .
Lattice-theoretical structures
Lattice theory has a longer history than that of matroid theory, and has applied into the research on matroids and produced many results ([11, Ch.3 and Ch.17]). Recently, some researchers put their attentions to study on the lattice constructions for some classes of matroids such as all the matroids defined on the same set ( [14] ) or the class of the matroids owned the same special properties ( [15] [16] [17] [18] ). As the recent research tendency, for the family of all the matroids, in this section, with the assistance of Galois isomorphisms between contexts, we search out its lattice-theoretical construction under isomorphism.
We state the preparative lemmas for the lattice construction of the set of matroids. 
. . , n).
It is obviously, π : 
. . , s) is a Galois isomorphic map between (O, P, R) and (O, P N , R N ) and O ∩P
Before proceeding, we provide some our views which are useful to the main aims.
(v1) Lemma 1 implies that for the contexts (O 1 , P 1 , R 1 ) and (O 2 , P 2 , R 2 ), we always could find out contexts (O 1N , P 1N , R 1N ) and (O 2N , P 2N , R 2N ) satisfying
(v2) [5] , [6] tell us that if the lattice construction of Gal(O j , P j , R j ) is found out, then all the concepts Gal(O j , P j , R j ) of (O j , P j , R j ) are to be born promptly, (j = 1, 2).
(v3) (v1) and (v2) means that if we search Gal(O j , P j , R j ) using the properties of matroid theory, we only need to pay attention to DGM = {M α = (O α , L α K α )|α ∈ A} which is the subset of all of matroids defined as:
-a matroid M = (O, LK) ∈ DGM if and only if for any
, the condition (D1) and (D2) are satisfied, where
It is easy to prove that the Galois connection (
(v5) The above (v4) implies that for any matroid M , up to isomorphism, there is one and only one element
be a matroid (j = 1, 2) and the corresponding contexts be (
For this new context, we will prove that it owns the following property.
Proof. In virtue of [11, p.8-9 and 3, Proposition 3], we only need to check that
By the satisfaction of (s4) for
Similarly to prove the case of Proof. Routine to check that "∨" satisfies the definition of semilattice ( [12] 
